Wave fields, which are described mathematically by higher order Bessel functions, carry an orbital angular momentum and thus represent particular types of optical vortex beams with helical wavefronts. For the generation of such vortex beams, one may use, for instance, diffractive spiral axicons. Diffraction, however, leads invariably to strong dispersion, which is detrimental for ultrashort pulses since it leads to severe pulse broadening. This pulse broadening can be minimized or reduced completely (at least, in a specific plane of propagation) if the pulses propagate additionally through a medium with normal refractive dispersion. The refractive-diffractive generation of ultrashort vortex pulses was demonstrated earlier for a pulse duration of approximately 8 fs [Opt. Lett. 37, 3804 (2012)]. Here, we present an analytical description of the generation and propagation of these vortex beams and of the refractive-diffractive compensation of the dispersion.
Introduction
Bessel beams belong to the class of "nondiffracting" beams. The term "nondiffracting" refers to the fact that the field distribution on or near the optical axis does not broaden as the field propagates. Higher order Bessel beams have helical wavefronts and carry an orbital angular momentum (OAM) proportional to mℏ per photon [1, 2] , where m is the topological charge. These "vortex beams" are of interest for applications like manipulation of particles in optical traps, optical tweezers, and also for data transfer through turbulent media. In addition, optical vortex beams with ultrashort pulse durations may lead to new possibilities in the investigation of fast physical, biological, and chemical processes. The generation of vortex beams with ultrashort pulse duration has been investigated in various experiments. However, most of these approaches imply a high degree of complexity and require a large effort for the optical adjustment (see, for example, [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] ).
Recently, the generation of vortex beams with time duration of approximately 8 fs was demonstrated in an easy-to-adjust experiment [14] . The key principle of this experiment is the refractive-diffractive dispersion compensation, as sketched in Fig. 1 . This is achieved with a compact device, namely, a diffractive spiral axicon to generate the spatial vortex profile of the beam placed on a glass substrate. The substrate consisted of fused silica (SiO 2 ) and had a thickness of 3 mm. This thickness provided a sufficient normal dispersion to compensate for the angular dispersion of the diffractive optical element (DOE). In other words, the negative group velocity dispersion (GVD) associated with the DOE is compensated by the combination with the positive GVD due to the propagation in the glass substrate.
In the experiment, a short laser pulse of about 6.5 fs pulse duration from a Ti:sapphire laser oscillator passes through the device (Fig. 1) . Minimum pulse duration of the transmitted pulse is obtained at a distance of approximately 7.5 mm behind the DOE while the beam profile still carries OAM. This relatively simple technique thus allows one to generate optical vortex beams of ultrashort pulse duration with a very simple setup and, thus, without the need for optical adjustment.
In our analysis, we consider an incoming short pulse, where we describe the temporal dependency in the form of a Gaussian wave packet with center angular frequency ω 0 :
Here, A 0 is the maximum of the amplitude, t is the time coordinate, τ is a characteristic pulse duration, and a is the chirp parameter. The Fourier spectrum of this wave packet is
If we describe the spatial dependency of the wave field by ur; θ; z; ω, then we can express the polychromatic wave as a superposition of the monochromatic components:
with r, θ, z the spatial cylindrical coordinates. In this formulation, three areas need to be distinguished (see Fig. 1 ): the area before the glass substrate (z < −Δz r ), the area inside the glass substrate (−Δz r < z < 0), and the area behind the diffractive axicon (0 < z). Δz r denotes the thickness of the glass substrate. The dispersion compensation discussed here is present in the third area (behind the diffractive axicon). The axicon is to be positioned in plane z 0. It is assumed to be infinitesimally thin, so that Kirchhoff approximation can be applied. We will start our further discussion with the monochromatic case, followed by the treatment of the polychromatic wave as a superposition of its monochromatic parts.
This paper is organized as follows: first, we will describe the propagation of a stationary, i.e., monochromatic field, through the setup shown in Fig. 1 . This will be shown using the conventional scalar diffraction theory in Section 2. Following that, in Section 3, we will deal with the temporal aspects of pulse propagation. There, we will calculate the group delay dispersion (GDD) caused during propagation inside the glass substrate and behind the axicon. From the results derived, one can formulate a condition for dispersion compensation (Section 4). Finally, in Section 5, we will show several results to simulate the experiment in [14] . As will be shown, experiment and theoretical prediction are in very good agreement. Nonetheless, there exist certain discrepancies between the simulation and experiment. These will be discussed in the final section, Section 6.
Generation and Propagation of Vortex Beams
Various approaches have been demonstrated for the generation of vortex beams. These are, for example, by using computer-synthesized holographic gratings [12, [15] [16] [17] [18] , polarization techniques [7] , and FabryPerot resonators [19] . Most relevant to our work, vortex beams can be realized by means of an axicon. A refractive spiral axicon is sketched in Fig. 2 and a diffractive spiral axicon is shown in Fig. 3 . The number of intertwined twisted wavefronts is called the topological charge and it causes an increase of the phase in the azimuthal direction. The element shown in Fig. 3 has a topological charge of m 2. It consists Fig. 1 . Experimental setup with refractive-diffractive dispersion compensation. Plane 1: at z −Δz r , immediately before the glass substrate. Here, the incoming Gaussian pulse is assumed to be unchirped; pulse duration τ 1 6.5 fs. Plane 2: at z −0, immediately before the axicon, which is assumed to be infinitesimally thin. Plane 3: at z 0, immediately behind the diffractive spiral axicon. Plane 4: at a distance z behind the axicon. of a binary double spiral grating. Such an element was used, for example, in the experimental setup described in Ref. [14] .
For the description of the wave propagation behind an axicon, it is usually sufficient to rely on the scalar diffraction theory. This approach will also be used here, in particular, based on the formalism describing the propagation of the angular spectrum. We begin our considerations for the calculation of the wave field (or the intensity distribution) with the Kirchhoff approximation for thin objects. In this approximation, the wave field ur 0 ; ϕ; z 0 immediately behind a thin object is given by the product of the transmission function u 0 r 0 ; ϕ and the wave function directly before the object ur 0 ; ϕ; z −0:
where r 0 and ϕ are the polar coordinates in the object plane. For a refractive axicon, one can express the transmission function in the following way:
where m is the topological charge and α is the angle between the wave vector behind the axicon and the optical axis (z axis in Fig. 1 ). For a diffractive axicon with a grating period of p, the transmission function can be expressed as
if we consider just the lth diffraction order. By comparison of Eqs. (5) and (6), we see that refractive and diffractive axicons have almost identical transmission functions (if we limit ourselves to a single diffraction order). This allows one to treat wave propagation in the same way in both cases. For this purpose, one only has to replace the term sin α by lλ p . In contrast to a refractive axicon, the GDD associated with a diffractive axicon is not a function of the radial coordinate. For this reason, a diffractive axicon was used in the experimental setup in [14] . A similar mathematical treatment of a refractive and a diffractive axicon is thus possible in the spatial domain but not in the temporal domain.
We start with the refractive case. For the incident wave field, we choose a Gaussian amplitude profile
The maximum of the amplitude is denoted by u 0 and the beam waist by w 0 . In the case w 0 → ∞, one obtains the results for an incident plane wave. To avoid confusion, we would like to point out that we denote by w 0 the beam waist and by ω 0 the center angular frequency. Fourier transformation of the wave function immediately behind the axicon leads to the angular spectrum in the z 0 plane:
e imϕ e −ir 0 ρ cosψ−ϕ dr 0 dϕ; (8) where ρ and ψ denote the polar coordinates in the spatial frequency domain. Using
where J m is the Bessel function of the first kind and order m, it follows that:
The propagation of the angular spectrum can be calculated by multiplication with the free-space propagator e 
The wave field can be derived from Eq. (11) by an inverse Fourier transformation (or by an inverse Hankel transformation): ur; θ; z; m
For the paraxial case (see also [20, 21] ), this expression can be simplified further with the final result ur; θ; z; m ≈ u 0 F r α; ze imθ− 
In the next step, we consider the diffractive axicon. Based on the consideration above, one obtains for a single diffraction order denoted by l
with
The intensity distribution follows directly from Eq. (15) . The maximum of this intensity distribution is in the z direction at position
Group Delay Dispersion for the Refractive-Diffractive Element
In the experimental setup described in Ref. [14] , a diffractive axicon was used for the generation of the vortex beams. Associated with the use of a diffractive axicon is a negative GDD, which leads to a broadening of the initial pulse. To avoid this extension of the pulse duration or, at least, to minimize it, it is important to compensate for the negative GDD. Different techniques for dispersion compensation are known and have been demonstrated also for ultrashort pulses: refractive-refractive [3] as well as diffractive-diffractive methods using complementary pairs of diffraction orders (e.g., 1 and −1) [22] . Here, we describe the implementation of a refractive-diffractive dispersion compensation for short pulses. For this, it is convenient that the diffractive element is fabricated on a refractive substrate.
The principle of the refractive-diffractive approach works as follows: the GDD of the propagation in the glass substrate is positive in the case of normal dispersion, whereas the GDD associated with diffraction is generally negative. Hence, the combination of a suitable glass substrate with a diffractive axicon allows one to minimize the effect of pulse broadening.
For the further consideration, we calculate the GDD (or the GVD) for both the refractive and the diffractive case. We begin with the calculation of the GDD r for the refractive case (index r, refractive). For this purpose, we expand the wave number k inside the substrate into a Taylor series:
The coordinate system is chosen in such a way that the k vector of the incident wave is pointing in the positive z direction. The wave strikes the glass substrate perpendicularly. In this case, we obtain for the phase Φ of the wave traveling inside the substrate
With k 2πn∕λ 0 , where n denotes the index of refraction, λ 0 the wavelength in vacuum, and c 0 the speed of light in vacuum, it follows that
In the case of normal dispersion, the second derivative of n is positive, which means the GDD is also positive. With GVD GDD∕z, one can obtain for silicon dioxide (wavelength λ 0 800 nm) a GVD of GVD r ≈ 36 fs 2 ∕mm.
In the diffractive case, the second derivative of the phase Φ of the wave field behind a diffractive axicon leads to the GDD d caused by the angular dispersion (index d, diffractive):
From Eq. (15), the frequency-dependent part of the phase Φ can be derived:
Here, k 0 denotes the wave number in vacuum and, approximately, in air, and λ 0 and c 0 again denote the corresponding wavelength and speed of light, respectively. It follows that the GDD d of a diffractive element is always negative:
For a diffractive axicon with a grating period of p 8 μm (λ 0 800 nm, first diffraction order), one can calculate GVD d −14.39 fs 2 ∕mm, where we have again used that GVD d GDD d ∕z.
The GDD for this axicon in combination with a 3 mm thick glass substrate as used in Ref. [14] is sketched in Fig. 4 . Within the glass substrate, the total GDD at a center wavelength of 800 nm is clearly positive and becomes 0 fs 2 approximately 7.5 mm behind the diffractive axicon.
Refractive-Diffractive Dispersion Compensation
The following calculations are based on the slowly varying envelope approximation. The pulses considered here with initial pulse duration of τ 1 6.5 fs posses a spectral frequency bandwidth of approximately 68 THz. This is still relatively small compared with the center frequency of the laser of 375 THz. However, it should be noted that the intensity distributions shown in Section 5 were calculated as superpositions of the individual monochromatic Fourier components.
In a linear time-invariant system, the pulse duration as a function of the GDD can be described in the form (see, e.g., [23] )
Here, a 1 is the chirp parameter of the incident wave and τ 1 is the initial pulse duration. We consider an incident wave with a center angular frequency of ω 0 and a time-dependent Gaussian profile of the form as described by Eq. (1). Because of dispersion, the chirp parameter varies with z:
We use the index "1" to describe the area before the glass substrate and the index "2" for the area inside the glass substrate. Finally, the index "3" specifies the region behind the diffractive axicon. We consider an unchirped initial wave, which means a 1 0. In this case, τ 2 z and a 2 z can be obtained, respectively, as
and
where GDD r is again the GDD of the glass substrate. For Δz r denoting the thickness of the refractive glass substrate (see Fig. 1 ), we obtain for the chirp parameter a 3 behind the diffractive axicon
The shortest pulse duration is present if and only if the wave is again unchirped, which means a 3 z 0 0. This condition is equivalent to
The position of the shortest pulse duration z 0 behind the diffractive axicon follows directly from Eq. (28) and is given by
Results
For the results presented here, in contrast to Eq. (15), not only a single, but all diffraction orders were taken into account. Figure 5 shows the calculated intensity distribution at a distance of z 5 mm behind the object. In Fig. 6 , one can recognize the cross section of the propagation field along the z direction (note: both figures show time-integrated results).
Here, we simulated a diffractive axicon with a topological charge of m 2 and a period of p 8 μm. This corresponds to the DOE used in the experiment in Ref. [14] . Our results calculated agree very well with the experimental results. However, it should be noted that in the experiment, the highest intensity appears approximately 4.5 mm behind the axicon, although in our calculations this maximum is located at z 5.5 mm (see Fig. 6 ) and, therefore, at a slightly different position. As follows from Eq. (17), the position of the maximum Fig. 4 . GDD as a function of propagation distance z. The inclination of the curves is given here as GVD r GDD r ∕z ≈ 36 fs 2 ∕mm for z < 0 and GVD d GDD d ∕z −14.39 fs 2 ∕mm for z > 0. Total GDD becomes 0 at z 7.5 mm.
intensity is a function of the beam waist w 0 . In our calculations, we used a beam waist of w 0 1 mm. Compared with the experimental work, this value was probably a little bit too high. If a beam waist of w 0 0.82 mm is used for the calculations, we obtain pretty much the same position for the intensity maximum as in the experiment.
In the following text, we consider an incoming pulse with initial pulse duration of τ 1 6.5 fs. The weak dispersion of the air was not included in our calculations. At this point, it should be noted that a precompressed pulse was used in the experimental setup in [14] , in order to compensate the dispersion of the air in front of the glass substrate. The shortest initial pulse duration of τ 1 6.5 fs existed at the left-hand side of the glass substrate. This means that both in the experiment and also in our theoretical description, the pulse is unchirped immediately before the glass substrate.
The pulse duration changes due to refractive and diffractive dispersion. In Fig. 7 , the calculated pulse duration τ is plotted as a function of the z-coordinate. Because of the dispersion, the pulse duration increases significantly inside the substrate. The pulse is assumed to be unchirped at the beginning, but it becomes a pulse with a positive chirp upon propagation in the glass. After propagating through the substrate, the pulse duration extends to approximately 34 fs. Because of the negative value of the GDD d , the pulse gets recompressed. The pulse propagates until its width reaches a minimum length; at that distance the pulse is again unchirped and then becomes chirped negatively.
The shortest pulse duration is achieved only for a single, particular z-position. This condition is the same for every similar "achromatic" system. As can be seen in Fig. 7 , the pulse duration is in the calculated case only over a range of about 3 mm shorter than 10 fs. However, it should be noted that the range of short pulse durations can be expanded significantly in our system. The use of a diffractive axicon with a larger periodicity p results in a correspondingly weaker dispersion compensation. In this case, the range of the short pulse lengths is extended significantly. As an example, we have calculated the pulse lengths that would be obtained with a diffractive axicon with a periodicity of p 20 μm. According to our calculations, the range of pulse lengths of less then 10 fs could then be extended to approximately 2 cm.
With the help of Fig. 7 , it is also very easy to derive the extent of the pulse stretching and compression. For this purpose, only a constant value of 6.5 fs must be subtracted from the curve. At z 0, for example, the pulse duration is stretched by approximately 27.5 fs relative to the original pulse duration. Even more information can be obtained if we look at the pulse shape as a function of the spatial and temporal coordinates. This is done in Figs. 8 and 9 , where one can recognize pulse expansion and recompression.
First, Fig. 8 illustrates the pulse broadening in the glass substrate. Note that the extension in the z direction is exaggerated considerably for a better visualization of the pulse distortion. The two presentations correspond to the first three millimeters in the z direction in Figs. 4 and 7 (range, z −3 mm to z 0 mm). The pulse passes through the 3 mm wide plane-parallel glass substrate of silicon dioxide within about 15 ps. During the transition to the diffractive axicon, the pulse duration expands to τ 2 33.9 fs (see Fig. 7 at z 0 mm). After passing through the glass substrate, the now chirped Gaussian pulse is incident on the diffractive axicon. As can be seen in Fig. 9 , the pulse width first decreases again and then reaches its minimum at z 0 ≈ 7.5 mm or 25 ps behind the diffractive axicon. The minimum is indicated in panel (b) of the figure. At z 0 ≈ 7.5 mm, the total GDD approaches 0 fs 2 (see Fig. 4 at z 7.5 mm). It is apparent that the pulse is initially chirped positively and then chirped negatively behind z 0 . The two presentations in Fig. 9 correspond to the range of z 0 mm to z 18 mm in Figs. 4 and 7 . The axes in the pictures are labeled in such a way that the glass substrate passed previously is not included in the axes values. The time origin was thus (according to the Figs. 1, 4 , and 7) established at the diffractive axicon.
Outlook and Conclusion
Our results calculated for the intensity distributions agree very well with the corresponding experimental results [14] . However, there are some small aberrations in connection with the simulation of the pulse durations. In the experiment, the initial pulse of τ 1 6.5 fs could be recompressed to a pulse length of approximately τ 3 8.3 fs. According to the results calculated, even a complete recompression of the pulse (up to the initial pulse duration) should be enabled. Some possible explanations for the difference remaining between the theory and the experiment are as follows:
First, it cannot be excluded that the simulation parameters are not perfectly identical to the corresponding experimental parameters.
Second, for the calculation of the field intensities, we took into account all diffraction orders generated by the DOE, whereas for the calculation of the dispersion compensation, only the first diffraction order was accounted for. By also taking into account the next relevant diffraction order (in our case, this is the third order), it was shown by calculations not presented here [24] that the influence on the pulse width could be explained satisfactorily.
Third, our consideration for the dispersion compensation included only the GDD, but no higher order effects like the third-order dispersion (TOD), for instance. These higher order dispersion effects are of increasing significance for decreasing initial pulse durations. In particular, ultrashort pulses (as used here) correspondingly have broad spectra, which makes it increasingly more important to also consider the higher order dispersion effects.
It might be added that, as in any spatiotemporal experiment, spatial aberrations will lead to additional temporal blur. This aspect is also not considered here in detail; however, the interested reader is referred to Ref. [25] . In contrast to the purely refractive case that was addressed in Ref. [25] , the advantage of our configuration lies in the fact that it compensates for the spatial dispersion by combining refractive and diffractive optics. This means that we can transform a radial chirp into an axial one. The consequence is, however, that one has to pay the price of propagation-dependent pulse duration.
To conclude, we have shown the generation of vortex beams with ultrashort pulse durations by a refractive-diffractive, easy-to-adjust, extremely compact element in an experimental setup [14, 26] . Here, we calculated the generation and propagation of vortex beams with refractive and diffractive axicons, and demonstrated good agreement of our findings with experimental results. An important part of our theory is the mathematical description of refractive-diffractive dispersion compensation. We would like to add that our theory for the refractivediffractive dispersion compensation could be easily extended to include higher diffraction orders and TOD considerations.
